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The angular distribution and linear polarization of the fluorescence light following the resonant
photoexcitation is investigated within the framework of the density matrix and second-order per-
turbation theory. Emphasis has been placed on “signatures” for determining the level sequence and
splitting of intermediate (partially) overlapping resonances, if analyzed as a function of the photon
energy of the incident light. Detailed computations within the multiconfiguration Dirac-Fock method
have been performed especially for the 1s22s22p63s Ji = 1/2 + γ1 → (1s
22s2p63s)13p3/2 J =
1/2, 3/2 → 1s22s22p63s Jf = 1/2 + γ2 photoexcitation and subsequent fluorescence emission of
atomic sodium. A remarkably strong dependence of the angular distribution and linear polarization
of the γ2 fluorescence emission is found upon the level sequence and splitting of the intermediate
(1s22s2p63s)13p3/2 J = 1/2, 3/2 overlapping resonances owing to their finite lifetime (linewidth).
We therefore suggest that accurate measurements of the angular distribution and linear polarization
might help identify the sequence and small splittings of closely-spaced energy levels, even if they
can not be spectroscopically resolved.
PACS numbers: 31.10.+z, 31.15.aj
I. INTRODUCTION
In atoms and ions with complex shell structures, lev-
els are often closely spaced in energy and, thus, difficult
to resolve spectroscopically. Up to the present, there-
fore, suitable spectroscopic schemes for resolving the level
structure have played important role in studying the
structure of atomic systems [1–3]. Experimentally, in-
deed, great effort has been made to improve the resolu-
tion of photon detectors [4–6] and to obtain ever detailed
spectral information. However, when the level splitting
becomes comparable with the (natural) width of the tran-
sitions, it becomes inherently difficult to resolve both, the
sequence as well as the splitting of the energy levels ow-
ing to their (partial) overlap, even if high-resolution spec-
troscopy is applied. In this case, an alternative route to
identify the sequence and splitting of energy levels be-
comes highly desirable.
In the past decades, much emphasis in atomic spec-
troscopy has been placed upon the angle-resolved prop-
erties of emitted light, such as the angular distribution
and linear polarization [7, 8]. When compared to the to-
tal cross sections and decay rates for the photon emission
from atoms and ions, angle-resolved measurements were
found more sensitive with regard to the details in the
electron-electron and electron-photon interactions. For
example, the angular distribution and linear polarization
of fluorescence emission were discussed in studying the
Breit interaction in dielectronic recombination processes
[9–12], the hyperfine interaction [13, 14] in electron-atom
collisions as well as the multipole mixing in the interac-
tion of ions with the radiation field [15, 16].
However, less attention has been paid to the influence
of overlapping resonances upon the atomic fluorescence,
in contrast to the autoionization of inner-shell excited
atoms [17–19]. Only rather recently, we explored the an-
gular and polarization properties of the emitted photons
in the two-step radiative cascade 1s2p2 Ji = 1/2, 3/2 →
1s2s2p J = 1/2, 3/2 + γ1 → 1s
22s Jf = 1/2 + γ1 + γ2
of lithium-like tungsten, which proceeds via such overlap-
ping intermediate resonances [20, 21]. While, for an ini-
tially aligned 1s2p2 Ji = 3/2 level, a remarkably strong
dependence was obtained for the second-step fluores-
cence photons upon the splitting of the two (overlapping)
1s2s2p J = 1/2, 3/2 resonances, no effect was found
with regard to the sequence of these resonances due to
the mutual cancelation of the sequence-dependent sum-
mation terms. In this work, we therefore study the pro-
cess of resonant photoexcitation and subsequent fluores-
cence of atoms to better understand how both, the level
sequence and splitting can be made visible for closely-
spaced energy levels. To this end, second-order pertur-
bation theory and the density matrix formalism are em-
ployed in order to derive and analyze general expressions
for the angular distribution and linear polarization of the
emitted radiation. Though these expressions are appli-
cable to many-electron atoms (or ions), and are inde-
pendent of their particular shell structure, we shall con-
sider below the 2s → 3p inner-shell photoexcitation and
subsequent fluorescence emissions of sodium atom, e.g.,
21s22s22p63s Ji = 1/2 + γ1 → (1s
22s2p63s)13p3/2 J =
1/2, 3/2 → 1s22s22p63s Jf = 1/2 + γ2. For inner-shell
excited sodium, the (1s22s2p63s)13p3/2 J = 1/2, 3/2
resonances are well isolated from other (fine-structure)
levels of the 2s → 3p excitation and their level splitting
is comparable to the (natural) widths in the excitation
and decay of these resonances.
This paper is structured as follows. In the next sec-
tion, we present general expressions for the (second-
order) transition amplitude of the photoexcitation and
associated radiative decay of the atoms (or ions). This
transition amplitude is then employed to express the an-
gular distribution and linear polarization of the emitted
fluorescence photons. In Sec. III, we apply these ex-
pressions particularly to the 2s → 3p photoexcitation
of the 2s−13p 2P1/2,3/2 levels in neutral sodium and its
subsequent radiative decay back to the 3s 2S1/2 ground
level. Moreover, we later discuss the anisotropy param-
eter (angular distribution) and linear polarization of the
fluorescence γ2 photon as functions of incident photon
energy, i.e., if the incident radiation is tuned over the
2s−13p 2P1/2,3/2 overlapping resonances. Finally, con-
clusions and a brief outlook of the present work are given
in Sec. IV.
Atomic units (me = 1, e = 1, ~ = 1) are used through-
out this paper unless stated otherwise.
II. THEORY AND COMPUTATION
We here consider the (combined) process
A (αiJi) + γ1 −→
{
A∗(αJ)
A∗(α′J ′)
}
−→ A(αfJf ) + γ2 (1)
of the photoexcitation of an atom or ion and its sub-
sequent fluorescence emission, which proceeds via two
overlapping resonances. In contrast to the typical two-
step model for the excitation and decay, we treat the
whole process (1) together in order to allow for a co-
herence transfer during the excitation and decay of the
atoms. In this process, the atom (or ion) is initially as-
sumed to be in its ground level αiJi and is excited to
some overlapping resonances αJ and α′J ′ by absorbing
the photon γ1 with energy ω1. Owing to the finite life-
time of these resonances, which causes their overlap, they
subsequently decay by photon emission γ2 (with energy
ω2) to some energetically lower-lying levels, say, αfJf ; cf.
Fig. 1. While the J ’s here just denote the total angular
momenta of the levels, the α’s refer to all further quan-
tum numbers that are needed for a unique specification
of these levels. In process (1), the initial and final lev-
els, αiJi and αfJf , can both be the same, giving rise to
the same photon energy ω1 = ω2 ≡ ω as we consider in
our example below. Let us note here, moreover, that the
“overlap” of the two resonances above is often caused by
fast autoionization channels, and that the (second-step)
fluorescence might be suppressed when compared to the
ionization of the system.
FIG. 1: (Color online) Level scheme for the (combined) pro-
cess of the photoexcitation and subsequent fluorescence emis-
sion via two overlapping resonances. An atom (or ion) in the
initial ground level αiJi absorbs the photon γ1 and is excited
to the overlapping αJ and α′J ′ resonances, and subsequently
decays to some low-lying levels αfJf via fluorescence emission
of photon γ2.
A. Evaluation of transition amplitude
The considered (two-step) process (1) of the photoex-
citation and subsequent fluorescence emission of an atom
or ion is quite analogue to the resonant Rayleigh scat-
tering of photons by some atomic target. For the res-
onant excitation of atoms (ω = EαJ − EαiJi or ω =
Eα′J′ − EαiJi), the (Rayleigh) scattering amplitude in-
deed contains singularities which can be removed by per-
forming an infinite resummation of the radiative correc-
tions for the resonant levels αJ and α′J ′ [22, 23]. This
resummation naturally leads to the occurrence of the
linewidths in the denominators of the second-order tran-
sition amplitude. For the case of just two overlapping
resonances αJ and α′J ′, the scattering amplitude in the
resonance approximation then takes the form
3Mλ1,λ2Mi,Mf (ω) =
∑
M ′
〈
αfJfMf
∣∣∑
mαm · ǫ
∗
λ2
e−ik2·rm
∣∣α′J ′M ′〉 〈α′J ′M ′ ∣∣∑mαm · ǫλ1 eik1·rm∣∣αiJiMi〉
EαiJi − Eα′J′ + ω + iΓα′J′/2
+
∑
M
〈
αfJfMf
∣∣∑
mαm · ǫ
∗
λ2
e−ik2·rm
∣∣αJM〉 〈αJM ∣∣∑mαm · ǫλ1 eik1·rm∣∣αiJiMi〉
EαiJi − EαJ + ω + iΓαJ/2
, (2)
where k1,2 and ǫλ1,2 are the wave and polarization vectors of the photons γ1 and γ2, respectively. rm and αm =
(αx,m, αy,m, αz,m) represent the coordinate and the vector of the Dirac matrices for the mth electron. |αiJiMi〉 and
|αfJfMf 〉 characterize the initial and final states of the atom, while the J ’s andM ’s refer to the total angular momenta
and their projection upon the z-axis. Moreover, EαJ − EαiJi and ΓαJ denote the excitation energy and natural
linewidth of the resonance αJ , and analogue for the second “primed” resonance α′J ′. The operator
∑
mαm ·ǫλ e
ik·rm
describes as usual the interaction of atomic electrons with the radiation field within the velocity gauge in terms of a
sum of one-electron interaction operators. The second-order amplitude (2) can be further simplified if the operator
αm · ǫλ e
ik·rm is decomposed into partial waves,
αm · ǫλ e
ik·rm = 4pi
∑
pLML
iL−p [ǫλ · Y
(p) ∗
LML
(kˆ)] αm a
p
LML
(rm) , (3)
where Y
(p)
LML
(kˆ) is a vector spherical harmonics as function of kˆ ≡ k/|k| [24] and apLML(r) represents the electric
(p = 1) and magnetic (p = 0) multipole components of the radiation field. The explicit form of these components has
been discussed at several places elsewhere in the literature [24].
In describing the process (1), we here choose the propagation direction kˆ1 of the incoming photon γ1 as quantization
axis (z-axis) and its polarization vector ǫλ1 as x-axis. Then, the emitted fluorescence photon γ2 is observed along
some direction kˆ2 that is usually characterized by two angles kˆ2 ≡ (θ, ϕ), the polar angle θ and the azimuthal angle
ϕ with regard to the xz plane (cf. Fig. 2). For this choice of coordinates, the transition amplitude (2) can be written
explicitly as
Mλ1,λ2Mi,Mf (ω) =
∑
p1L1ML1
∑
p2L2ML2
iL1−L2 (iλ1)
p1 (iλ2)
p2 [L1, L2]
1/2 δ
λ1ML1
dL2ML2λ2
(θ) e−iML2ϕ (−1)Ji−Jf−ML1+1
×
{(∑
M ′
〈JfMf , L2ML2 | J
′M ′〉 〈J ′M ′, L1 −ML1 | JiMi〉
)
[J ′, Ji]
−1/2
T ′p2L2 T
′
p1L1
EαiJi − Eα′J′ + ω + iΓα′J′/2
+
(∑
M
〈JfMf , L2ML2 | JM〉 〈JM,L1 −ML1 | JiMi〉
)
[J, Ji]
−1/2 Tp2L2 Tp1L1
EαiJi − EαJ + ω + iΓαJ/2
}
. (4)
Here, the short-hand notations Tp1L1 ≡
〈
αJ
∥∥∑
mαm a
p1
L1
(rm)
∥∥αiJi〉, T ′p1L1 ≡ 〈α′J ′ ∥∥∑mαm ap1L1(rm)∥∥αiJi〉, and
Tp2L2 ≡
〈
αfJf
∥∥∑
mαm a
p2
L2
(rm)
∥∥αJ〉, T ′p2L2 ≡ 〈αfJf ∥∥∑mαm ap2L2(rm)∥∥α′J ′〉 are used to denote the reduced
transition amplitudes for the absorption of the exciting photon γ1 and the emission of the fluorescence photon γ2,
respectively. Moreover, [a, b] ≡ (2a + 1)(2b + 1), and the standard notations for the Wigner (small) d-function and
the Clebsch-Gordan coefficients are employed.
B. Density matrix of the fluorescence photon
Since the transition amplitude (4) combines the excitation and the subsequent fluorescence emission, i.e. the photons
γ1 and γ2, we can quite easily obtain the density matrix of the fluorescence photon γ2 from these amplitudes [25, 26].
For the given choice of the coordinates, in particular, the density matrix of the photon γ2 can be expressed in terms
of (the helicity part of) the density matrix of the photon γ1, sometimes called the helicity density matrix,〈
kˆ2, λ2 |ργ2 | kˆ2, λ
′
2
〉
=
1
2Ji + 1
∑
Mi,Mf
∑
λ1λ
′
1
Mλ1,λ2Mi,Mf (ω)M
λ
′
1
,λ
′
∗
2
Mi,Mf
(ω)
〈
kˆ1, λ1 |ργ1 | kˆ1, λ
′
1
〉
. (5)
In deriving this formula, we have assumed that the atom is initially unpolarized and that its final state |αfJfMf 〉
remains unobserved in the measurements. In the density matrix theory, moreover, the helicity density matrix of a
4photon is a 2× 2 matrix that just describes polarization of the photon and, is usually parametrized by means of the
three Stokes parameters [26, 27]
〈
kˆ, λ | ργ | kˆ, λ
′
〉
=
1
2
(
1 + P3 P1 − iP2
P1 + iP2 1− P3
)
. (6)
Here, P1,2 and P3 characterize the linear and circular polarization of the photon, respectively. For unpolarized incident
light (P1 = P2 = P3 = 0), which is the case that we are just considering in the present work, in addition, Eq. (5) can
be further simplified to
〈
kˆ2, λ2 |ργ2 | kˆ2, λ
′
2
〉
=
1
2(2Ji + 1)
∑
Mi,Mf
(
M1,λ2Mi,Mf (ω)M
1,λ
′
∗
2
Mi,Mf
(ω) + M−1,λ2Mi,Mf (ω)M
−1,λ
′
∗
2
Mi,Mf
(ω)
)
. (7)
Since both, the angular distribution and the (linear and circular) polarization of a photon are fully characterized by
its density matrix [25–27], we are ready now to analyze and discuss these properties especially for the subsequent
fluorescence emission, γ2.
C. Angular distribution and polarization parameters
If, for example, the polarization of the fluorescence photon γ2 remains unobserved, its angular distribution simply
follows from the trace of the density matrix (7),
σ(kˆ2) =
〈
kˆ2, λ2 = +1 |ργ2 | kˆ2, λ
′
2 = +1
〉
+
〈
kˆ2, λ2 = −1 |ργ2 | kˆ2, λ
′
2 = −1
〉
. (8)
For an initially unpolarized atomic target and unpolarized incident photon γ1, the angular distribution (8) of the γ2
fluorescence light is azimuthally symmetric, thus independent of the angle ϕ, and can be characterized by just a single
anisotropy parameter β if the light is produced by an electric-dipole (E1) line emission [26],
σ(θ) =
σ0
4pi
[
1 + β P2(cos θ)
]
. (9)
It is necessary to mention that this expression is obtained within the E1 approximation. In expression (9), moreover,
σ0 denotes the total scattering cross section and P2(cos θ) is the second-order Legendre polynomial as function of the
polar angle θ, taken with regard to the z axis. Therefore, once we have the anisotropy parameter β, we also know the
angular distribution of the fluorescence light γ2.
Apart from the angular distribution, we can use the density matrix (7) to also derive the linear polarization of
the fluorescence radiation. As usual in atomic and optical physics, the linear polarization is characterized by the two
Stokes parameters P1 and P2 [26, 27]. For example, the parameter P1 = (I0◦ − I90◦)/(I0◦ + I90◦) is just determined
by the intensities of the fluorescence γ2 light linearly polarized in parallel (I0◦) or perpendicular (I90◦) with regard to
the plane spanned by the propagation direction of the γ1 and γ2 photons (cf. Fig. 2). Of course, as discussed above,
this parameter P1 can also be expressed in terms of the density matrix of the photon by using Eqs. (6)-(7),
P1(kˆ2) =
〈
kˆ2, λ2 = +1 | ργ2 | kˆ2, λ
′
2 = −1
〉
+
〈
kˆ2, λ2 = −1 | ργ2 | kˆ2, λ
′
2 = +1
〉
〈
kˆ2, λ2 = +1 | ργ2 | kˆ2, λ
′
2 = +1
〉
+
〈
kˆ2, λ2 = −1 | ργ2 | kˆ2, λ
′
2 = −1
〉 . (10)
With the use of the expressions (9) and (10), we can therefore readily explore the angular distribution and the linear
polarization of the characteristic fluorescence light in the combined excitation and decay process (1). Moreover, the
P2 parameter is always zero for the case of unpolarized incident light as considered in this work.
D. Computation of the reduced matrix elements
It follows directly from above that any further analysis
of the γ2 angular distribution and polarization requires
the computation of the second-order transition amplitude
(4) and, hence, the (usual) reduced matrix elements TpL
for single-photon bound-bound transitions [28, 29]. Since
these reduced matrix elements occur very frequently in
photoexcitation and radiative transition studies [30–32],
they are readily available from different computer codes
[33, 34], and not much need to be said about their de-
5FIG. 2: (Color online) Geometry of the photoexcitation and
subsequent radiative decay. The incident light γ1 propagates
along the z-axis (chosen as quantization axis) with its polar-
ization vector ǫλ1 in the x-axis, while the fluorescence photon
γ2 is described by the two angles (θ, ϕ).
tailed computation. We here applied the multiconfigu-
ration Dirac-Fock (MCDF) method [35] and especially
the associated Grasp92/2K code [36, 37] to compute
the energy levels and wave functions of all the relevant
atomic states. In the MCDF method, an atomic state
function (ASF) with well-defined parity P , total angu-
lar momentum J and its component M , is approximated
by a linear combination of a set of configuration state
functions (CSF) with the same PJM ,
ψα(PJM) =
nc∑
r=1
cr(α) |φr(PJM)〉 . (11)
Here, nc denotes the number of CSF that are used
in order to construct the ASF and, cr(α) refers to
the (so-called) configuration mixing coefficients. The
CSF are constructed self-consistently on the basis of the
Dirac-Coulomb Hamiltonian, while the relativistic and
quantum-electrodynamical effects are incorporated into
the coefficients cr(α) by diagonalizing the matrix of the
Dirac-Coulomb-Breit Hamiltonian in first-order pertur-
bation theory [35–39]. Once these energy levels and wave
functions are obtained, one can easily apply them to cal-
culate all the required reduced matrix elements by using,
for example, the Ratip code [33].
III. RESULTS AND DISCUSSION
A. The 2s → 3p photoexcitation and subsequent
radiative decay of sodium atom
Equations (2)-(7) are general and thus applicable to
any atomic (or ionic) system with overlapping (excited)
resonances, quite independent of the particular shell
structure. As an example, we shall consider here the
FIG. 3: (Color online) Level scheme of the 2s → 3p inner-
shell photoexcitation (red) and the subsequent radiative decay
(blue) of atomic sodium. In the computations, we here use
the experimentally known data for the total linewidth Γtot
and the central excitation energy Eexc [43].
2s → 3p photoexcitation of an inner-shell electron and
its subsequent fluorescence emission in atomic sodium,
1s22s22p63s Ji = 1/2 + γ1
−→
{
(1s22s2p63s)13p3/2 J = 1/2
(1s22s2p63s)13p3/2 J
′ = 3/2
}
−→ 1s22s22p63s Jf = 1/2 + γ2 . (12)
Note, that all the transitions are E1-allowed in this exci-
tation and decay scheme (12), cf. Fig. 3. In the following,
we can therefore restrict ourselves to the E1 approxima-
tion, i.e. to p1 = p2 = 1, and L1 = L2 = 1 in Eq. (4).
In this approximation, just two reduced E1 matrix ele-
ments
〈
Jf = 1/2
∥∥∑
mαma
1
1(rm)
∥∥ J = 1/2, 3/2〉 need to
be calculated in order to obtain the transition amplitude
(4), where we have omitted the electron configurations for
the sake of brevity. The two |J = 1/2, 3/2〉 resonances
overlap each other and cannot be resolved spectroscop-
ically [40–43]. In the computations, we use the experi-
mentally known data 0.199 eV and 66.41 eV for the total
linewidth Γtot and the central excitation energy Eexc [43].
Moreover, since the (1s22s2p63s)13p3/2 J = 1/2, 3/2
overlapping resonances are well isolated from other ex-
cited levels of neutral sodium [44], we just ‘tune’ the
resonances with the incident γ1 light and omit all other
excitations. In this particular example of sodium, the
two resonances remain unresolved spectroscopically for
the level splittings |∆E| ≡ |E3/2 − E1/2| . 0.12 eV due
to a resolution criteria for two overlapping resonances
with (approximately) the same individual linewidths and
the total linewidth Γtot ≃ 0.2 eV. In our analysis below,
therefore, we consider also level splittings |∆E| which
are smaller than the resolution criteria of 0.12 eV. For
6other splittings (much) larger than 0.12 eV, they are not
physically significant since the yield of the subsequent
fluorescence γ2 photons is almost null when tuning pho-
ton energy of the incident γ1 light between the two res-
onances. While the total linewidth of the overlapping
resonances is experimentally known for neutral sodium,
their individual linewidths are estimated to be the same
and are expressed approximately as ΓαJ = Γα′J′ ≃
Γtot(1−∆E
2/2Γ2tot) in terms of the total linewidth Γtot
and the (assumed) level splitting ∆E.
Below, we shall apply Eqs. (2)–(10) in order to analyze
the angular distribution and linear polarization of the γ2
fluorescence emission following the 2s → 3p photoexcita-
tion of sodium via the (1s22s2p63s)13p3/2 J = 1/2, 3/2
overlapping resonances. In particular, we are interested
how this fluorescence depends on both, the level sequence
and the splitting of the J = 1/2, 3/2 resonances, if ana-
lyzed as a function of the photon energy of the incident
light γ1. In addition, we shall propose two independent
scenarios for determining experimentally the sequence
and splitting by measuring the angular distribution and
linear polarization of the fluorescence light.
B. Angular distribution of the fluorescence photons
Let us start with the angular distribution of the γ2 flu-
orescence emission from the two (1s22s2p63s)13p3/2 J =
1/2, 3/2 overlapping resonances after the photoexcita-
tion. For different γ1 photon energies of the incident
light, the population of these levels is expected to differ
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FIG. 4: (Color online) Anisotropy parameter β for the an-
gular distribution of the (1s22s2p63s)13p3/2 J = 1/2, 3/2 →
1s22s22p63s Jf = 1/2 fluorescence emission of sodium as
functions of the photon energy ω of the incident γ1 light. Re-
sults are shown for several assumed level splittings of the two
J = 1/2, 3/2 overlapping resonances: △E = 0.01 eV (black
solid line), 0.06 eV (red dotted line), 0.10 eV (blue dashed
line), and 0.12 eV (magenta dash-dotted line).
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FIG. 5: (Color online) Anisotropy parameter β for the an-
gular distribution of the (1s22s2p63s)13p3/2 J = 1/2, 3/2 →
1s22s22p63s Jf = 1/2 fluorescence emission of sodium as
functions of the photon energy ω of the incident γ1 light. Re-
sults are shown for two assumed level splittings△E = 0.10 eV
(blue dashed line) and -0.10 eV (black dash-dot-dotted line),
which indicate that the (absolute) splitting of the two overlap-
ping resonances remains the same but the sequence becomes
opposite in both cases.
relative to each other and so also the angular distribution
of the fluorescence emission. Moreover, the (coherent) ex-
citation of the two resonances also depends on the level
splitting [20, 21] and, this should thus become visible in
the angular distribution as well.
Figure 4 displays the anisotropy parameter β for the
angular distribution of the (1s22s2p63s)13p3/2 J =
1/2, 3/2 → 1s22s22p63s Jf = 1/2 fluorescence emis-
sion of sodium as functions of the photon energy ω of
the incident light. Results are shown for different level
splittings |∆E| ≡ |E3/2 − E1/2| = 0.01, 0.06, 0.10, and
0.12 eV of the two overlapping resonances of sodium,
which we assumed to be variable. As seen from this fig-
ure, the anisotropy parameter appears to be very sen-
sitive for (almost) all level splittings with regard to the
photon energy of the incident light. Moreover, this β
parameter also strongly depends upon the level splitting
itself near the resonances. This latter dependence arises
from the Lorentzian shape of the excitation distribution
of the resonances due to their finite natural width.
Apart from the level splitting, the anisotropy parame-
ter β of the fluorescence light also depends on the level se-
quence if the photon energy of the incident light is tuned
over the resonances. This can be seen from Fig. 5, where
we plot the β parameter as a function of the photon en-
ergy but for two opposite level splittings △E = 0.10 eV
and -0.10 eV, respectively. The opposite sign here indi-
cates that the (absolute) splitting remains the same but
that the level sequence has been reversed for the two
overlapping resonances. For instance, the negative level
7splitting △E = -0.10 eV means that the J = 3/2 reso-
nance lies lower than the J = 1/2 one energetically by
0.10 eV. In particular, the shape of the two β distribu-
tions occurs to be symmetric with regard to the central
excitation energy of the overlapping resonances. This can
be readily understood from formula (2) since the reversal
of the level sequence is equivalent to the interchange in
the γ1 photon energy with regard to the central energy.
This differs from the predicted angular distribution of
the emitted fluorescence light in the two-step radiative
cascade of W71+ ions, which was found insensitive with
regard to the level sequence of the overlapping resonances
due to the mutual cancelation of the sequence-dependent
summation terms [20]. Therefore, accurate angular mea-
surements of the fluorescence emission following the pho-
toexcitation with sufficiently ‘thin-banded’ incident light
might help identify both, the level sequence and splitting
of closely-spaced energy levels in excited atoms or ions.
C. Linear polarization of the fluorescence photons
Until now, we just have discussed the angular distri-
bution of the fluorescence emission from 2s→ 3p photo-
excited sodium, if the photon energy of the incident light
is tuned over the two (1s22s2p63s)1 3p3/2 J = 1/2, 3/2
overlapping resonances at about 66.4 eV. Alternatively,
we may consider and analyze also the linear polariza-
tion of this fluorescence light, which can be measured
nowadays with quite high accuracy either by means of
solid-state Compton polarimeters [45, 46] or, even more
precisely, with Bragg crystal polarimeters [47–49].
In Fig. 6, we therefore display the linear polarization
of the fluorescence light γ2 that is emitted perpendicu-
lar (θ = 90◦) to the propagation direction of the inci-
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FIG. 6: (Color online) The same as Fig. 4 but for the linear
polarization of the fluorescence γ2 light emitted perpendicular
(θ = 90◦) to the propagation direction of the incident γ1 light.
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FIG. 7: (Color online) The same as Fig. 5 but for the linear
polarization of the fluorescence γ2 light emitted perpendicular
(θ = 90◦) to the propagation direction of the incident γ1 light.
dent light γ1. Again, the degree of linear polarization
is shown as functions of the frequency of the incident
light and for the same (assumed) level splittings of the
two (1s22s2p63s)1 3p3/2 J = 1/2, 3/2 overlapping reso-
nances. Similar as for the angular distribution, the de-
gree of linear polarization depends on the level sequence
and splitting, and here even at a larger absolute scale
and with a change of its sign near to the central tran-
sition frequency. In addition, Fig. 7 displays the linear
polarization for a level splitting of 0.1 eV and its sym-
metry with regard to the central frequency if the level
sequence is interchanged. As seen from these figures,
accurate polarization measurements could also serve as
an alternative and independent route to identify the se-
quence and splitting of overlapping resonances. Finally,
we have to mention here that the incident γ1 light is
assumed to be monochromatic in the angular and polar-
ization analysis of the fluorescence photon above. The
use of a non-monochromatic incident light could weaken
(more or less) the obtained angular and polarization de-
pendence upon the (central) energy of the light, depend-
ing on the linewidth of the laser used. Nevertheless, this
dependence still remains strong enough to be observable
by using the present-day photon detectors.
IV. SUMMARY AND OUTLOOK
In summary, the photoexcitation and subsequent flu-
orescence emission of atoms have been studied within
the framework of the density matrix and second-order
perturbation theory. Attention has been paid especially
to the angular distribution and the linear polarization
of the fluorescence as observed from (partially) over-
lapping resonances and how such measurements would
be affected by the level sequence and splitting of the
8resonances involved. Detailed MCDF calculations were
performed for the 1s22s22p63s Ji = 1/2 + γ1 →
(1s22s2p63s)1 3p3/2 J = 1/2, 3/2 → 1s
22s22p63s Jf =
1/2 + γ2 photoexcitation and subsequent photon emis-
sion of sodium atoms. It is predicted that the angu-
lar distribution and linear polarization of the γ2 fluores-
cence photons strongly depend upon the level sequence
and splitting of the (1s22s2p63s)1 3p3/2 J = 1/2, 3/2
resonances, if analyzed as functions of the frequency of
the incident light. This dependence is caused by the
non-negligible linewidth of the (overlapping) resonances
which lead to a coherence transfer in the population of
the resonances. This coherence transfer also affects the
angular and polarization properties of the emitted fluo-
rescence light. We therefore suggest that accurate mea-
surements of the angular distribution and linear polar-
ization of fluorescence light can be utilized to help iden-
tify the sequence and splitting of closely-spaced atomic
(or ionic) energy levels, even if these levels cannot be
resolved spectroscopically.
With the recent progress of light sources and photon
detection techniques, the proposed measurements are fea-
sible today. For example, laser-induced fluorescence spec-
troscopy or synchrotron radiation can be utilized for such
energy-selective measurements of the subsequent fluo-
rescence emission. In addition, the change of the ob-
tained anisotropy parameter and linear polarization is
large enough as functions of the incident photon energy
to be measured by using present-day photon detector and
polarimeter.
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